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Introduction
Exoplanet spectra are key to understanding their atmospheric com-
positions.  There are currently several retrieval techniques used to 
determine abundances from these spectra.  The most prevalent and 
simplest is  the manual tuning of model abundances and tempera-
tures until a reasonable fit is obtained1,2.   This technique likely does 
not provide an optimal solution to the atmospheric state given it is 
nearly impossible to manually explore all of parameter space by 
hand.  A more systematic approach is the multi-dimensional grid 
search method or monte-carlo approach3,4.  These approaches gener-
ate millions of model spectra of which the best are determined by a 
minimum chi-squared criterion.  The millions of forward model runs 
required by the latter techniques can be time consuming and compu-
tationally expensive.  Furthermore, neither of these techniques pro-
vide a robust way to explore the change in information content asso-
ciated with changes in the quality of the data, such as the signal to 
noise, additional spectral channels, and resolving powers.   In this 
poster we present the inverse approach to the spectral retrieval prob-
lem widely used in the Earth remote sensing community5, planetary 
atmospheres6,7,8, and recently exoplanets9,10. 

Optimal Estimation
From Bayes Theorem and Gaussian statistics get cost function:

Cost function minimized using Levenberg-Marquardt: 

The retrieved atmospheric state has an uncertainty: 

A useful metric is the averaging kernel (or retrievability).  A param-
eter who’s diagonal element is 1 is constrained entirely by the data, 
while a value of 0 means the data provided no information in con-
straining that parameter:

The information content and degrees of freedom are, respectively:

Forward Model
-Atmospheric state vector characterized by 8 parameters
-Analytical T-P profile11,12 governed by 3 opacities, κv1, κv2, κIR , and a 
partitioning between the two visible streams, α (4 total parameters)
-Constant-with-altitude mixing ratios for H2O, CH4, CO, and CO2 (4 
total parameters)
-HiTemp13 H2O, CO, and CO2 linelists, STDS14 CH4 linelist
-H2-H2/H2-He opacities15

-RFM (Reference Forward Model) for LBL radiative transfer16 

H describes the reduction in the overall uncertainty in the param-
eters as a result of the measurements, while d gives the total 
number of retrievable parameters allowed by the data in the context 
of the given forward model. 
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Figure 1- (a) Model atmospheres for three different C/O ratios and solar metallicity generated using a 
chemical kinetics model17 for a Jupiter-like planet around a sun-like-star at 0.05 AU.  The solid curve la-
beled “TP” is the temperature profile.  The rapid increase in temperature near the top is an artificially 
added thermosphere.   The red curves are the mixing ratios for C/O=0.1,  black C/O=0.55 (solar) and, 
blue C/O=1.  (b) Synthetic spectra generated using the mixing ratios and temperature profile in (a).  The 
diamonds with the error bars (S/N~15) are the fictitious observations of the higher resolution spectra 
(solid curves) sampled over the instrumental filter functions (dotted curves at top) for the CFHT-
WIRcam H and Ks bands and the Spitzer IRAC 3.6, 4.5, 5.7, and 8 μm bands.  

Approach
Using synthetic spectra we determine how well various atmospher-
ic properties can be retrieved by exploring how the information 
content, degrees of freedom, and retrieval uncertainty improve with 
different sets of broadband observations such as those from Spitzer 
and ground based instruments.  
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Figure 3- Information content and retrieval uncertainties as a result of the different broadband observa-
tions.  The retrieval uncertainties and information content are initially determined for the synthetic spec-
tra sampled with only 2 broadband observations, the IRAC 5.7 and 8 μm bands.  The uncertainties and 
information content are then recalculated with 4 broadband observations, the IRAC 3.6, 4.5, 5.7, and 8 μ
m bands.  Finally the process is repeated with all 6 broadband observations, the CFHT-WIRcam H and 
Ks bands and the Spitzer IRAC 3.6, 4.5, 5.7, and 8 μm bands    (a) Information content resulting from 
the different sets of broadband measurements for the three different C/O ratios (red C/O=0.1, black 
C/O=0.55, and blue C/O=1).  This plot tells us that the addition of the extra data points improves the 
overall uncertainty relative to our prior uncertainty in the model parameters  (b) Retrieval uncertainties 
in each parameter for each set of 2 (green bars), 4 (light blue bars), and 6 (yellow bars) point observa-
tions and the three different C/O ratios.   The black “error” bar is our assumed prior error.  For each pa-
rameter there are 3 sets of error bars.  The top most in each set is for  C/O=1, the middle for C/=0.55, 
and bottom for C/O=0.1.  Note how the uncertainties for CH4 and CO improve with increasing abun-
dance. The x-axis has units of volume mixing ratio for the gases and units of (cm2/g) for the opacites.     
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Figure 4-Total degrees of freedom and the retrievability for each parameter.  As in Figure 2, these quan-
tities are calculated for the three different C/O ratios and for each set of the three sets of observations (2 
points, 4 points, and 6 points).  (a) Total degrees of freedom as a function of data set.  The total degrees 
of freedom represent the total number of independent quantities that can be retrieved. Like the informa-
tion content, increasing the number of data points increases the total available degrees of freedom.  (b) 
The retrievability (averaging kernel) of each parameter.  A value of 1 means that the parameter can be 
constrained solely by the data.  A value of 0 means that the data provides no useful constraint, and the 
parameter is solely determined by the prior assumptions.  The * is the retrievability for each parameter 
using only 2 data points,  the diamond with 4 data points, and the triangle with 6 data points.  The lines 
connecting the points are just for aesthetic purposes.  Blue lines are C/O = 1, black C/O=0.55, and red 
C/O=0.1.    
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Figure 2- The Jacobian describes the sensitivity of flux in each wavelength to each of the parameters 
we wish to retrieve.   Note how all the channels over this wavelenth region are sensitive to water in the 
low C/O case.  Because of the overwhelming sensitivity of the flux to H2O in all channels, it is difficult 
to retrieve the abundances of the carbons species with any useful precision.  The ground-based H and Ks 
bands are generally only sensitive to water with little interference from other gases.   As the C/O ratio 
increases, the observations become more sensitive to the carbon bearing species due to their increased 
abundances. The IRAC 4.5 μm bandpass becomes sensitive to both CO and CO2, while the IRAC 3.6 μ
m bandpass becomes sensitive to CH4.  The 5.7 μm channel also has some sensitivity to CO.     The H 
and Ks bands become polluted with with CH4 and CO making it more difficult to retrieve water .  An 
ideal measurment for aiding in the further constraint of water would fall between the H and Ks or be-
tween the Ks and 3.6 μm bands as these locations are generally devoid of abosrbtion from most other 
molecules.          
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Figure 5-Probability distribution functions of ratios of carbon species to some oxygen species via 
Monte Carlo runs based on uncertainties in the mixing ratios from figure 3.  These ratios can be used to 
diagnose different chemistries.  For instance, the CH4/CO ratio can be used as an indicator of disequi-
librium chemistry and the CH4/H2O ratio can be used as a proxy for the C/O ratio.   The ratio distribu-
tions for the 2 band (dotted curves) observations are compared with those of the 6 band (solid curves) 
observations for the three different C/O ratios (red C/O=0.1, black C/O=0.55, blue C/O=1.0).  The 2 
band observations  offer little hope in distinguishing the two different C/O ratios using the CH4/CO and 
CH4/H2O ratios as proxies.  The 6 band observations are enough to break some of the degeneracies be-
tween overlaping spectral features and allow some constraint on the CH4/H2O ratio, though the low 
C/O ratio case is plagued with uncertainties in the carbon species.
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Conclusions
The optimal estimation technique offers a powerful formulism to 
study the information content and retrieval uncertainties.  Broadband 
photometry points can offer good constraints on the water abun-
dance as it is present everywhere in the spectra.  The carbon species, 
especially CO2, are poorly constrained because they are not as prev-
elent in the spectra, unless their sensitivites surpass that of H2O’s in 
the observed channels.  Typically, the greater the abundance of a 
gas, the greater its retrievability and the lower its uncertainty.  The 
large carbon species uncertainties propogate into the CH4/CO and 
CH4/H2O ratios making it difficult to distinguish the different C/O 
ratios with just 2 broadband points, but the constraint improves 
when using all 6.  Future work will identifiy bandpasses that will 
offer the greatest increase in the information content, retrievability, 
reduction in the uncertainties.
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